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HYPERBOLIC DISTANCE AND MEMBERSHIP OF CONFORMAL MAPS IN
THE HARDY SPACE
CHRISTINA KARAFYLLIA
Abstract. Let ψ be a conformal map of the unit disk D onto an unbounded domain and, for
α > 0, let Fα = {z ∈ D : |ψ (z)| = α}. If H
p (D) denotes the classical Hardy space and dD(0, Fα)
denotes the hyperbolic distance between 0 and Fα in D, we prove that ψ belongs to H
p (D) if and
only if ∫ +∞
0
α
p−1
e
−dD(0,Fα)dα < +∞.
This result answers a question posed by P. Poggi-Corradini.
1 Introduction
A classical problem in geometric function theory is to find the Hardy number of a region by
looking at its geometric properties (see e.g. [2], [6] and [8]). Answering a question of P. Poggi-
Corradini ([9, p. 36]), we give a necessary and sufficient integral condition for whether a conformal
map of D belongs to Hp (D) by studying the hyperbolic metric in its image region. For a domain
D, a point z ∈ D and a Borel subset E of D, let ωD (z,E) denote the harmonic measure at z of E
with respect to the component of D\E containing z. The function ωD (·, E) is exactly the solution
of the generalized Dirichlet problem with boundary data ϕ = 1E (see [1, ch. 3] and [5, ch. 1]).
The hyperbolic distance between two points z, w in the unit disk D (see [1, ch. 1], [3, p. 11-28]) is
defined by
dD (z, w) = log
1 +
∣∣∣ z−w1−zw¯
∣∣∣
1−
∣∣∣ z−w1−zw¯
∣∣∣
and the Green function for D (see [5, p. 41]) is directly related to the hyperbolic distance, as it is
obvious by its definition
gD (z, w) = log
∣∣∣∣1− zw¯z − w
∣∣∣∣ = log e
dD(z,w) + 1
edD(z,w) − 1
.
They are both conformally invariant and thus they can be also defined on any simply connected do-
mainD 6= C by considering a conformal map f of D ontoD. Then dD (z, w) = dD
(
f−1 (z) , f−1 (w)
)
and gD (z, w) = gD
(
f−1 (z) , f−1 (w)
)
for every z, w ∈ D. Therefore, for z, w ∈ D,
(1.1) gD (z, w) = log
edD(z,w) + 1
edD(z,w) − 1
.
Also, for a set E ⊂ D, we define dD (z,E) := inf {dD (z, w) : w ∈ E}.
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2 Hyperbolic distance and membership of conformal maps in Hardy space
The Hardy space with exponent p, 0 < p < +∞, and norm ‖·‖p (see [4, p. 1-2], [5, p. 435-441])
is defined to be
Hp (D) =
{
f ∈ H (D) : ‖f‖pp = sup
0<r<1
∫ 2pi
0
∣∣∣f (reiθ)∣∣∣pdθ < +∞
}
,
where H (D) denotes the family of all holomorphic functions on D. S. Yamashita [10] proved that
a function f ∈ H (D) belongs to Hp (D), 0 < p < +∞, if and only if∫
D
|f (z)|p−2
∣∣f ′ (z)∣∣2 log 1
|z|
dA (z) < +∞,
where dA is the Lebesgue measure on D. The fact that a function f belongs to Hp (D) imposes a
restriction on the growth of f and this restriction is stronger as p increases. If f is a conformal
map on D, then f ∈ Hp (D) for all p < 1/2 ([4, p. 50]).
Harmonic measure and hyperbolic distance are both conformally invariant and several Euclidean
estimates are known for them. Thus, expressing the Hp (D)-norms of a conformal map ψ on D
in terms of harmonic measure and hyperbolic distance, we are able to obtain information about
the growth of the function by looking at the geometry of its image region ψ (D). Indeed, if ψ is a
conformal map on D and Fα = {z ∈ D : |ψ (z)| = α} for α > 0, then P. Poggi-Corradini proved (see
[9, p. 33]) that
(1.2) ψ ∈ Hp (D)⇔
∫ +∞
0
αp−1ωD (0, Fα) dα < +∞.
He also proved that the Beurling-Nevanlinna projection theorem (see [1, p. 43-44], [9, p. 9-10,
35]) implies that
(1.3) e−dD(0,Fα) ≤
pi
2
ωD (0, Fα) .
This observation led him to state two questions (see [9, p. 36]):
Question 1.1. Let ψ be a conformal map of D onto an unbounded domain and, for α > 0, let
Fα = {z ∈ D : |ψ (z)| = α}. Does there exist a positive constant K such that for every α > 0,
ωD (0, Fα) ≤ Ke
−dD(0,Fα)?
Question 1.2. More generally, is it true that
ψ ∈ Hp (D)⇔
∫ +∞
0
αp−1e−dD(0,Fα)dα < +∞?
We gave a negative answer to the first one in [7] and the following theorem provides a positive
answer to the second question.
Theorem 1.1. Let ψ be a conformal map of D onto an unbounded simply connected domain D
and Fα = {z ∈ D : |ψ (z)| = α} for α > 0. If 0 < p < +∞ then
ψ ∈ Hp (D)⇔
∫ +∞
0
αp−1e−dD(0,Fα)dα < +∞.
2 Proof of Theorem 1.1
Proof. Suppose that ψ ∈ Hp (D) for some 0 < p < +∞. This in conjunction with (1.2) and (1.3)
implies that ∫ +∞
0
αp−1e−dD(0,Fα)dα ≤
pi
2
∫ +∞
0
αp−1ωD (0, Fα) dα < +∞
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Conversely, suppose that for some 0 < p < +∞,
(2.1)
∫ +∞
0
αp−1e−dD(0,Fα)dα < +∞.
Without loss of generality, we set ψ (0) = 0. Let dA denote the Lebesgue measure on D. For the
Green function for D, set gD (0, w) = 0 for w /∈ D. By a change of variable and the conformal
invariance of the Green function,
∫
D
|ψ (z)|p−2
∣∣ψ′ (z)∣∣2 log 1
|z|
dA (z) =
∫
D
|ψ (z)|p−2
∣∣ψ′ (z)∣∣2gD (0, z) dA (z)
=
∫
D
|w|p−2gD
(
0, ψ−1 (w)
)
dA (w)
=
∫
D
|w|p−2gD (0, w) dA (w)
=
∫ +∞
0
∫ 2pi
0
αp−2gD
(
0, αeiθ
)
αdθdα
=
∫ +∞
0
αp−1
(∫ 2pi
0
gD
(
0, αeiθ
)
dθ
)
dα.(2.2)
Applying elementary calculus, it is easily proved that there exist a positive constant C and a point
x0 > 0 such that
(2.3) log
ex + 1
ex − 1
≤ Ce−x
for every x ≥ x0. Note that for D unbounded and simply connected, dD (0, ψ (Fα)) → +∞ as
α → +∞ which also follows from the hypothesis (2.1). Therefore, by (2.3) and (1.1), we deduce
that there exists an α0 > 0 such that for every α ≥ α0,
gD
(
0, αeiθ
)
≤ Ce−dD(0,αe
iθ) ≤ Ce−dD(0,ψ(Fα)) = Ce−dD(0,Fα).
Integrating with respect to θ, we get
(2.4)
∫ 2pi
0
gD
(
0, αeiθ
)
dθ ≤ C
∫ 2pi
0
e−dD(0,Fα)dθ = 2piCe−dD(0,Fα)
for every α ≥ α0. So, by (2.2) and (2.4), we infer that
(2.5)
∫
D
|ψ (z)|p−2
∣∣ψ′ (z)∣∣2 log 1
|z|
dA (z) ≤ 2piC
∫ +∞
α0
αp−1e−dD(0,Fα)dα+ C ′,
where
C ′ :=
∫ α0
0
αp−1
(∫ 2pi
0
gD
(
0, αeiθ
)
dθ
)
dα.
Finally, (2.1) and (2.5) give
∫
D
|ψ (z)|p−2
∣∣ψ′ (z)∣∣2 log 1
|z|
dA (z) < +∞
and thus by [10] we conclude that ψ ∈ Hp (D). 
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